Effective Microwave Surface Impedance of Superconducting Films in the Mixed State
Chien-Jang Wu and Tseung-Yuen Tseng, Senior Member, IEEE Abstract-The effective microwave surface impedance of multilayer structures made of high-T c superconducting films in the mixed state, lossy dielectrics, and normal metals are theoretically calculated. The linear response of the superconductor to a microwave field is analyzed within both transmission line theory and the framework of self-consistent treatment of vortex dynamics reported by Coffey and Clem [18] . The microwave properties are investigated as a function of static field and film thickness for nonresonant structures. The effect of substrate thickness on the resonant phenomenon is carefully studied as well. Numerical results reveal that the substrate resonance in the Meissner state behaves like a parallel lumped-parameter resonantor, while in the vortex state it behaves as a series lumped resonant circuit. The basic distinction suggests that care should be taken in microwave applications when using superconducting films in the vortex state. [2] , [3] , and delay lines [4] , the most important quantity in determining performance is the microwave surface impedance, of the superconductor. The surface resistance indicates the dissipation, while the surface reactance is related to the field screening in the superconductor. Measurements of surface impedance are widely used not only to determine the performance of the device but also to extract basic physics of the superconductor. As a fundamental aspect, the electron conduction mechanism can be better understood from the knowledge of according to the familiar two-fluid model [5] - [8] .
Index Terms-Microwave
The microwave surface impedance of the bulk sample is usually described as (1) where is the angular frequency, the permeability of the material, and the ac conductivity defined as . Equation (1) is, in fact, the intrinsic surface impedance derived for a semi-infinite sample. However, single crystal samples utilized in microwave measurements are usually arranged in the shape of a platelet. A more relevant alternative for studying microwave properties is therefore the complex RF permeability instead of in (1) . On the other hand, superconducting thin films are frequently used in microwave devices. Thus, the use of (1) is not adequate to investigate the microwave characteristics of a thin-film layered structure, the usual one conducted in the experiment. The structure is made of a superconducting film on a dielectric substrate with a ground metal such as copper or gold. Therefore, we must resort to the so-called effective microwave surface impedance, which encompasses all possible material properties together with the thicknesses of the film and substrate. Besides, in the limit of infinite film thickness, will naturally reduce to the intrinsic surface impedance. That is, if the thickness increases to some extent, the substrate will have no influence on because it may be effectively shielded by the superconducting film.
To date, a great deal of investigation in effective microwave surface impedance has been theoretically and experimentally done. In the Meissner state, the film response to a microwave field is theoretically interpreted based on the wellknown two-fluid theory and impedance transformation in transmission line theory [9] - [12] . For experimental data on the thickness-dependent we mention the papers of Oates et al. [13] and other work [14] - [17] . An interesting phenomenon shown in the above-described reports is the observation of the resonant behavior in effective surface resistance. Klein et al. [9] and Drabeck et al. [10] , [11] have experimentally observed that the normal-state response exhibits a resonant behavior in the temperature-dependent surface resistance for high-films deposited on the substrate SrTiO . Moreover, in the Meissner state, Hartemann [12] has also theoretically predicted the existence of substrate resonance phenomenon in the substrate-thickness-dependent effective surface resistance. At the substrate-resonance thickness, shows a peak, while makes an abrupt transition from maximum to minimum. The transition in is closely related to the ground bulk metal used at the backside of the substrate [12] .
The electromagnetic propagation-dominated problems of type-II superconductors involving multilayer structures are also of interest and importance. The vortex dynamics can be investigated through the measurement of the vortex lattice response to microwave fields. The microwave field generates Lorentz forces on the vortices near the surface, which in turn causes an oscillation of vortices. These oscillating vortices will propagate into the interior of the superconductor under the influences of pinning and viscous forces. The intrinsic surface impedance, therefore, strongly relies on the vortex motion. A phenomenologically unified theory on of type-II superconductors has been developed by Coffey and Clem [18] - [20] with the method of self-consistent treatment of vortex dynamics where the effects of pinning, flux flow, and flux creep are incorporated. The electromagnetic transmission and reflection problem in type-II superconductors in the mixed state is then solvable on the basis of their theory [21] . Experimental verification on this propagation-dominated problem in a multilayer structure has been available from the work of Moser et al. [22] . According to the Coffey-Clem model, many investigators have studied the vortex dynamics by the measurements of surface impedance of high-thin films [23] - [25] . The intrinsic surface impedance of type-II superconductors can be calculated via (1) if the ac conductivity is known. The development of the Coffey-Clem theory has clearly extended the attention on Meissner response to that in the mixed state. Therefore, we are motivated to specifically investigate the resonant phenomenon in the mixed state. The essential distinction of resonant behavior between Meissner and mixed states will be clearly illustrated in this paper. Some discussion on its physical argument is given as well.
Two layered structures will be studied in this work. One is the structure made of a superconducting film deposited on a semi-infinite lossy dielectric substrate. The other is the film on a substrate with finite thickness in addition to a gold ground plane. The superconducting thin film used in this study is the typical highsuperconductor, axis oriented YBa Cu O (YBCO). The substrates considered are MgO, LaAlO , or SrTiO , which are commonly utilized in microwave measurements.
II. EFFECTIVE SURFACE IMPEDANCE OF A SUPERCONDUCTING FILM IN THE MIXED STATE
Let us first consider a superconducting thin film with thickness deposited on the semi-infinite substrate, as depicted in the inset of Fig. 1 . A uniform TE microwave field traveling in the direction in vacuum impinges normally on a plane boundary with superconducting film at A static magnetic field is applied along the direction to put the superconductor in the mixed state. The complex propagation constant in the superconducting film is where the real part, is the attenuation constant, and is the phase constant. Based on the Coffey-Clem model [21] , the complex wavenumber is where the complex penetration depth is expressed as (2) where is the temperature and magnetic field dependent penetration depth, where is the London penetration depth at is the reduced temperature, and is the temperature dependent upper critical field, where is the upper critical field at The normal-fluid skin depth is related to the normalstate skin depth by where and are the normal-fluid and normal-state resistivities, respectively, and
The complex effective skin depth due to vortex motion is defined by where is the effective resistivity given by with the dynamic mobility expressed as [18] (3) where is the flux quanta, is the viscous drag coefficient defined as with is the restoring force constant of a pinning potential well given by and where are the modified Bessel function of the first kind of order one and zero, respectively, and the argument is the Boltzmann constant) is dependent on the barrier height of the potential,
The material parameters for the YBCO system used in this study are K, N/m, nm. The temporal part of the electromagnetic field is assumed to be in this paper. The wave impedance of the superconductor, therefore, is given by (4) where the complex ac conductivity has been adopted. The effective surface impedance at the vacuum/superconductor interface, can be directly calculated with the help of the impendance transformation. The result is (5) where is the wave impedance in the dielectric substrate given by (6) In (6), the substrate has relative permittivity and the loss tangent and the wave impedance of vacuum is
By taking SrTiO as a subtrate, in Figs. 1 and 2 we have respectively plotted the and in (5) as a function of film thickness at various reduced static fields, at fixed frequency 10 GHz and temperature 77 K. The permittivity of SrTiO at 77 K is [12] and is taken for YBCO. The calculated parameters for YBCO at 10 GHz, 77 K, and are nm, S/m, S/m, and As can be seen in Fig. 1 , at corresponding to the Meissner-state response, for a thickness greater than about 500 nm is essentially a constant and the film behaves as a bulk material. That is, the effect of the substrate has been completely shielded by the film. This critical thickness is observed to increase as increases. For example, at the critical thickness for complete shielding is estimated to be 2500 nm, which is five times as large as that at
We can easily understand this from the complex penetration depth in (2). Fig. 3 shows the magnitude of , the real part , and the imaginary part as a function of reduced field. It clearly indicates that increases with increasing namely, the field penetration through the superconducting film becomes more considerable at larger field. Accordingly, in order to shield the substrate, the film thickness should effectively get larger. One can also interpret this phenomenon from the viewpoint of transmission coefficient. According to the paper of Coffey and Clem [21] , the transmission coefficient increases with increasing at fixed temperature and frequency. The better candidate for effectively shielding the influence of substrate is, therefore, the thicker film. The above arguments are consistent with the results shown in Figs. 1 and 2 . We also observe that the difference, is about one order of magnitude for a very thin film, say nm, whereas it can reach five orders of magnitude at for a thick film with m. Another interesting feature at is the very different behavior in as illustrated in Fig. 2 . The magnitude of discrepancy, increases with increasing Furthermore, the initially increases with increasing film thickness and reaches a peak. The peak height then decreases with increasing Also there exists a valley before reaching the critical thickness of This peculiar behavior in will introduce an associated change in phase which is an important factor in microwave applications.
Some physical insight can be further gained from Fig. 3 . At , the complex penetration depth , is essentially a real number and, in fact, equals the London penetration depth This makes the conductivity imaginary with , a result of the conventional two-fluid model. In the two-fluid theory, the conductivity is expected to be with the fact that Moreover, the complex conductivity can be explicitly expressed in terms of the complex penetration depth and the result is (7) From Fig. 3 it is seen that the imaginary part is nearly equal to the real part at larger values of which implies that the ac conductivity is approximately real according to (7) . In this case, the response at 77 K and higher field is very similar to that of either a flux flow-dominated limit or simply the normal state. The investigation so far obviously encompasses all the previous studies, especially in the Meissner state [9] - [12] , together with normal state [10] - [11] . Moreover, the effective reflection coefficient at the interface can be evaluated, which is more convenient for analyzing the propagation-dominated problem for superconducting films in the mixed state. Meanwhile, one can readily determine the associated standing-wave ratio an important parameter in microwave engineering. Fig. 4 illustrates the versus film thickness for various substrates at 77 K, 10 GHz, and
The permittivities of the substrates are for SrTiO for LaAlO and for MgO. The effect of distinct substrates is considerable only for thinner films. However, there is nothing different in for these three substrates for thicker films. Also, the is basically the same for both LaAlO and MgO. The results can be explained as follows. For a very thin film, say nm, the substrate effect is pronounced for SrTiO because of its high-loss tangent. The loss tangent of LaAlO and MgO is about 10
i.e., smaller than that of SrTiO by two orders of magnitude. 
III. INVESTIGATION OF SUBSTRATE RESONANCE PHENOMENON
We proceed to investigate the interesting resonance phenomenon arising from the effect of the substrates. The layered structure considered is shown in the inset of the Fig. 5 . The substrate used is LaAlO with thickness and no ground plane. The effective surface impedance of the superconducting film at can be obtained by two successive impedance transformations. The impedance at is given by (8) Consequently, the effective surface impedance at is expressed as (9) where is the complex wavenumber in the substrate (10) with corresponding propagation constant Accordingly, the wavelength in the substrate at GHz is directly evaluated as mm. Taking a film thickness nm, and temperature K, the dependence of on substrate thickness is plotted in Fig. 5 at various reduced static fields. Some features are of interest and worthwhile to note. First, at , which corresponds to Meissner-state response, the resonance (peak) of occurs at the values of being equal to an odd multiple of quarter wavelengths. In this condition the multilayer structure is equivalent to a lossy transmission line having length of an odd multiple of quarter wavelengths with short-circuited termination. This transmission-line resonator behaves effectively as a parallel lumped-parameter resonant circuit, which makes a maximum at resonance. It is referred to as a short-circuit antiresonance transmission line [26] . Second, at , such as , the resonance also happens when is an odd multiple of quarter wavelengths. The resonant peak is, however, a minimum in and more broadened than for . Besides, for , the resonance behavior is strongly suppressed at lower At the condition of , the structure acts as a transmission line with length equal to an odd multiple of quarter wavelengths and an open-circuited termination, implying an equivalent series lumped resonator. Thus, it is similar to the so-called open circuit resonance transmission line [26] . We have so far clearly elucidated two basic lumped resonant circuits which are equivalent to responses for the Meissner-state and the vortex-state , respectively. The results reveal that a salient resonance phenomenon is expected at higher field in the vortex state. This is well understood from Fig.  3 where the penetration depth increases with increasing . It will consequently couple more energy to the substrate layer. Therefore, the resonance is more prominent at larger for a fixed film thickness. Nevertheless, the resonance appears to be less pronounced than . But one should note that for the occurrence of resonance in the mixed state, the substrate contains the maximum energy, whereas it has the least energy in the Meissner-state. For this reason we refer to the parallel circuit as an antiresonator, and the series one as a common resonator. Fig. 6 shows the effective resistance versus for distinct thicknesses of film at In order to reach resonance in the substrate, it is naturally required that the penetration depth be larger than the film thickness. It is reasonable to conclude that when film thickness increases the observation of resonance becomes less prominent, as shown in Fig. 6 . This consequence at is also in Fig. 7 . Also, for thicker a film, nm, the resonance behavior is obviously obscure. We thus deduce that the conditions of higher field as well as thinner film would be predominant in observing the interesting resonant results.
The above-mentioned resonant behavior can be further understood on the basis of the so-called transverse resonance technique (TRT) [27] . We now adopt TRT to treat the resonance more carefully. Let us again go back to the structure depicted in the inset of Fig. 5 . The impedance of looking backward at is given by (11) Similarly, the impedance of looking toward the film at is (12) The resonance occurs at the condition of (13) according to the TRT. In order to self-consistently check the results given in Fig. 5 , we again take nm for the film thickness and temperature, K. By treating the substrate thickness as a parameter we can solve (13) The solutions for in (13) implicitly include much information about the resonance phenomenon. First, the introduction of complex angular frequency is not surprising in that (13) is mathematically a complex-number equation. The real part of is the real resonant frequency, which is in fairly good agreement with the observation in Fig. 5 where we have chosen the frequency as 10 GHz, corresponding to 62.8318 GHz in angular frequency. The imaginary part of however, represents the loss in the resonant structure. Moreover, the higher the greater the loss. Second, looking at the results of it is interesting to see that the magnitude of the imaginary part decreases with increasing implying lower loss in the thicker substrate. This phenomenon is attributed to the fact that shunt conductance is inversely proportional to the thickness of the parallel-plate transmission line, that is, the substrate thickness Therefore, the increase of will decrease the conductance loss, which agrees with the results obtained for the imaginary part of the complex frequency. A similar argument also holds when
Regarding the real component of the complex frequency, it shows no significant variation for the three respective conditions considered.
In Fig. 8 , the temperature-dependent effective surface resistance displays an oscillating behavior which is very similar to the observation in the normal state as reported in the work of Drabeck et al. [10] . The substrate used is SrTiO with permittivity where and K [10] . To compare the oscillating behavior in the normal state as observed by Drabeck et al. [10] , [11] , Fig. 8 has been obtained from their conditions, i.e., the thicknesses of the film and substrate are nm and mm, respectively, and the frequency is 100 GHz. In addition, we take the reduced field as . As can be seen, the oscillation amplitude increases rapidly with increasing temperature, especially near The rising rate of amplitude is greater than that in the normal state, see Fig. 1 in [10] . This oscillation phenomenon is due to standing waves confined in the substrate and is closely related to the highly temperature-dependent permittivity of SrTiO Besides, the oscillation is not seen when . It indicates that the inclusion of vortices has increased the oscillation because of the high resistance from vortex motion.
Finally, we examine the resonant structure where a ground metal, gold S/m) is deposited at the backside of the substrate. The effective microwave surface impedance is again described in (8), (9) , and (10), but we replace in (8) by where is the wave impedance of the ground metal. The resonant behavior is now inspected around the value of as shown in Fig. 9 . Here, the conditions considered are GHz, K, nm, and
The addition of the ground metal has greatly increased the magnitude of as compared with Fig. 7 and enhanced the resonance as well. Another change made is the occurrence of a resonance when equals a multiple of half-wavelength. It now acts as a transmission line with length, , and shortcircuit termination, or a series lumped resonant circuit. The reactance shows an abrupt change from capacitive to inductive around the resonance point. The result shown in Fig. 9 is a key feature about resonance, which is quite analogous to the resonance spectra of anomalous dispersion characteristics of the complex permittivity of dielectrics [28] . In Fig. 10 , we plot the versus for various thicknesses of film for the same conditions as in Fig. 9 . The effect of film thickness on resonance is basically similar to that in Fig. 7 . However, the suppression of resonance for a thick film is not as severe as in Fig. 7 , which in turn indicates that the ground metal has a positive influence on the appearance of resonance. It is also of interest to note that the resonance position is not shifted due to the variation of the film thickness. This observation is quite different from that in the Meissner state shown in the work of Hartemann [12] . In the Meissner state the increase of film thickness not only lowers the resonance peak but also moves the peak position to the right, an increase of ratio This suggests a basic difference in the dependence of resonance on film thickness between mixed and Meissner states.
IV. SUMMARY
The study of effective microwave surface impedance is important for microwave applications and also for understanding the fundamental physics of high-superconductors. Aided by the Coffey-Clem model, in addition to transmission line theory, we have systematically examined the effective surface impedance of HTSC in the mixed state. In a nonresonant structure the effective surface impedance has been investigated as a function of film thickness and static field. The possible influence of substrate material on impedance is also considered. Our results demonstrate that the field-dependent critical film thickness for shielding the substrate increases with increasing static field. This fact is clearly elucidated in light of field-dependent complex RF penetration depth.
Considering the resonant structures, we find a very fundamental distinction between the Meissner and mixed-state responses. In the Meissner state, the layered structure acts as an antiresonant transmission line or, equivalently, a lumped parallel resonator when the backside of the substrate is vacuum. However, it behaves like a lumped series resonant circuit in the mixed state. The switching from parallel to series, or vice versa, is closely connected with the strong difference in the wave impedances of distinct states. The resonant phenomenon is further well described by the transverse resonance technique. Results indicate that the thin film will be a preference for obtaining the resonance. By adding the ground metal at the backside of the substrate, the resonant behavior is highly enhanced together with a shift of one quarter-wavelength in peak position. It is of practical interest to understand the distinctions associated with the resonance phenomenon. The results given here strongly suggest that for microwave applications, attention should be given to this phenomenon.
